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®A=(ai,j)mxn2 —MNHLTER BN FEE(n > 1) BARN N TRIE 2 AV, Vn T B/ NMTE & V=(ai)1<isn
5v'=(bi)1<isn, X

v * 'v' = (a,;bi)ls,;s.n

AR veoo'= ) aibi.
1<i<n
&g
(1) JEREBj(1<i,jsn), FHEK( sksn)EBVi*Vj=Vk:
(2) SHEREIj(1<ij<n,iz)) Vi-Vi=0,

iEER:
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(i) 2209, f
(i ) &n=2"", WATLESEFHHFANGTSS, BATARE

1 1 \®™
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iggxmmﬁﬁlfﬂ; AN B X=(Xij)1<i,jsp5 Y=(yi'i")1si’,i’ <saf K BRI E X A—paxpq

X ®Y = (2ki)1<ki<pgs

Ropzu=xijyi'j’, B¥i,j,i'j'#E1sijsp, 1si’, <q, BEFHXk=p(i'-1)+i5l=p(j’-1)+] B—HE.
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3. BEE (209)

Bh(ZRXFEZRPZRR . ERABESRAR(Z]FH, XFyBW=RHRy3-3zy+h(z)=0,

(i) ZHh(z)=-Z-10, RIBFBNEL—N—RSAXREME.
(ii) Rig A By>-32zy+h(2)=08 ENERESNBH R My=11(2),f2(2),f3(z),Wh(z) T AR BL S
I ? X BREUEEEANE FE FFETE R
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4. HJRE (20H*2)

PPFHRR ERERPTABK,AES, ZFEaUREANEREDANRBKITN. SXNEAFPK
2 EMBH "EER" B, /oI LAO B YRR B B E—AREIESON, BE2019F45220(1HF KA ) ,
XAAEBURNNSCZAFPELAPERICBERETIZREN, SERNIN.2EAM, FIPESERNY
1.2 R RBRP .

1. KERN B PEBE—NIANKATX KBNS NVNGERPORIPRN, EREHR., B, N3P A0 L
AEFEESN3I/ (KAL) B, UERRITLATPR, OFRRATLAFPR,

HERRRURRREN RAREZHHEAOREEN
11101 110|0]1
0(1|/0]|0 0/0|1/0
0(0]|0]1 0[1]0|1

(a) BEE—T3 x ANRFWE, RBENSOHN, HEoH—HPHENSK.
(b) EHE L—RRSEMSOANERNOART, BEI—HESOPHE, SHBBNER.

2. ZEE—TAHANEZABNNMNSBARS x nXE, NEBBFKRESNNERP BN, —HEfniE,
NP ERERD: ABHNEF0 . RIGEE — NI EPENN 2B Rr. /58 M0MN X~ :
MBI —ANNAEBNOEHH, U AERBBORERNs; MEFHT— MNA BB EEF0, WA DEF
MEBIBEZ ML, O<r,5,t<1,

(a) Rikr=1/3,s+t=z1, BEFEsHL, EEMERDNI, 2<sisn, ERINNGBRHENN B
HEMRBET—NMRITXOEH? UREFE, BEHSMOXEK, MRRFE, HRAER,

(b) f&i&r =1/3,5= 3/4,t=4/5, RGRMNVRIF2019 VNG REMENONZHH, BRINUREE
ERENGREMENEPIN, BRES-—NMNARENENNEBHNOMRESD?

3ATHRNIFELREIAAR, BUFMELENERFPIEHE N ENEREERT. <
ENZRDFID2H A ERZMS RPN HBEMNEFLRNSEENE. DS mRBUSAHF, HBENA
EZHBERIPIFMOL(1=1,2) . BIRBYFARIEEY, 03(i=1,2) BHRMEFPNETSER, 8
FNBEHEAPRNOERR, 2312001 (i=1,2) . AFHRENEZEN, BEORAKSERERT
HLENEEM, B

Q1 +Q2< M.

HEREM = P1 + P2,
EMAHENTWRASBIRCQi (i=1,2) . MEFMBERMQIN TR 5K EDi, B1Qi < Di, W0
FHNRAM[DI-Qi]* (i=1,2) . XE[x]+2 max{x, 0}, M, C, Ui, OiNEMEXMEHEXR

2 2
2> () > (8)
WWNHRBERFHREFNQi =0 (i=1,2) FEASKBERITEARANBER/N, HPEFEREH
X PrE O] BRI E N Ui 7?2%790% BomEREFi, NEZELH, BREREUTHRKDA:
Qi+ [ (mle— Q%) dF()| ,
i=zl?2|: /0 ( ) (1)
subject to Q1+ Q2 <M, Q1,Q2>0,

HAOFEFEBENYI. FERNO (i=1,2) NERSHRENES, HXRENEAK,

min max
@Q1,Q2 FieFR,FeF;

B Ek\EE() , #seeunEHQi, i=1, 20eXE%=.
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1. B (209)

BEFEIREL T —SREEER, SHNSZET, ARAZ, DEFERR/NTFRE TXRERE
REHREREN, MAXREBRT RERRAN=RKF, 2—B120205%, A2 E R ERE
BNBERETRASIR(AR, TRY)., SIMKRFNE—EET, =104

(a) R"eg., TRL;

(b) Ri&. BEY;

(c) &,

EMRFEIEETHIER(Q)FE+ 1ERTHIABER(D), BAK + 2ERT R ERHIME R(b), B
rE(r2t+3)RTUELIABR(C). FEENASHARFEIERTHIABR()H £+ 1 ERTHIABR
(€). Flan:—FPoREHIMHBERZ, ASEHUTETHR BiR(), £6. 7TERTHABR(b), #H8EH
PAEERTHIER(C).

MRBBAMEEOARTHER THER()H(C)T, WIEN=0, WEPn=1,..., 119, W EM%En
EERTHABRARAR, BEn + 1ERTARMBIAT RY, WiEN=n, &RfE, 01 RE120EXTNHA
AHAR, WIEN=120, FBEERHZ, M THRIENANREY, —BENRF BRARLGITEBRER .

P B AR RN BHRIR it — M R AR KM, ESXTFTNRFAATAEE{ED, 1, ..., 120, &RE R®
SHEMAM AN FEERNE OETE, MOUURMRIEERDIHEN , FaOM HS/MERS2? ()

* UL 1 R AR A S E MR (R BE m B3 B!

A.8 B.9 c.10 D. 11 E. UL#AR

2. kEZERE (209)

MEABENEEEEEA_ 4 -4 0PBINTA, AINEEFNHGE 2, EPRNORELEERS
R JVAMBERAIR, REAFARNT: EERTEE— L0 DPLRNIK, BN EHMAMBEEEREMNER,
EIMNNUERRYYN, HESEShsHhmEEERA L,

BRBHELOANIOB NAE LAOBRMRZERES ()

A. f(a) =+sina. a € [0,m]. B. f(a) = sina. a € [0,T].
C. f(a) = %cos2?a. a € [0,1]. D. f(a)=2a.a€[0,n].
E. UEHARZ.
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3. HitE (309)
Q)N FLEEHR ENE—B SR R

f(@) =co+cra® + -+ + cna®”,
EX

+00
ﬂﬂ@0=f @)% cos(2my) f(y)dy.

-0

(1IER: T(HtRE—MEZIMI, HSEERIREK.

(2) HERBIEREHKN=0,1,2, ... IBEP, MREUREI2n (B1FE2nR) NIHHRENBZRANES,
e — R, RTS8
Vo= {fEEPn:T(f)=f}
B9 445
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4. HRE: BRENEAEER (309)

ER—HFEAN+ 1EOXE, HPREZER0R, BAEEENR. BKEENSERZKh, k=0,1,...,n,
BEIMEANSERH=nh, BEEN, REREENBHBEALTEILRE(RE H0), BAUBEHRE
VETR T, MRKEHHIRA, BBNEFT/NITS . RIGEE NOEZRIv e BEREER(AEEIRE
EEOENSNET 1))

1. BRIRENZOBHRFNKREBHE LET, HEANZIESNIEKE, k=1,..,n-1,8 —B LT
BRORSESHFHEABE, A5 — (BB TIARZNREAESHHABE BEIBH TTIHE
IEEZERAHABLE, B, B8#L0,2,...,n,n=-1,..., ORI FiElE, REBS DIREHA
BEFBL, BESREEMEOEENCE.

&M= N BRI OFF a6 FfF B A N Se 2t A BB IE . B EX2(n-1)IRZHFEFHFHE,
BN SBF1E BREA2(n - 1), XFni9EERER ., EREMIEBBENFENE.

2. EPRIEBHEAXENBRZBABENZET, BETRPARETETABD, 8—XRLET 2GR
Fr¥E698¢ 1890,
—A BT A" SIARNFERREZXRE—NEF . ENFHREXEZ), BHLN /2898 Z4TF
EARES, HEBBUTEEX, XZ[0, H1ZEBSINhNENER. SHEER NEFALRES
EAY, YRE[O HIZEHNSSHmHENER, YIRITX.

(a) RIZNF—EERENBBIOER, BRETHRED LFBHEEZFHOK B, BitES
SNSFEHABBRI NS FEOHE,

(b) MBINNFREEREN, BEPUZHASHFRBL TTERZRIIZNG, M RNFEKX
EEEH. BBV FERZEFPINSFEEOBE.
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3. A TEERIBEXELEMESTR, REZ, RRBBIYLIZAONZENERIHEE,
HENPHESENSE., RRENZOBHEEH X UREEHRE , XEFRZHNENMHFIZD, - -
*, Dy €[0, n], fRIZD1,--,DX0N IR B HHBELFEYER, HOMRENF .

ARAREZEABNNE, BRUZAHAQTEEXRE, REEMIIMNRE ., RIRBHLIZKE

BIBTiE) N

S£2max{Dy, -, Dy} + 520, (2)
BN FEYEENE. AXQQELELBHENREME X EBENFEHNE, HERNAZKREV
SENBE.
(a) BE RN FEEREIE. &R E 6T 8] 69 HE 212 KT S AFfIxe B IE:

fr(xo) £ E[S]. (3)

<QF Z[0, n]X[8 LRELBHT DM, BIHEF(x0),

(b) AEBBENRH AR, FHBPRNEE —REREBLEHE ., RIFFUEXRPIEKRE., B
I, 8—2UNERAFIEPURTIEAEHSFBH LT, WRTERMYBBHRIHTTE.

s ABEMERAENEERSHAAERE. RRESREEHFEEPSBH(AES S8
BEBRBRLIR), IE—PB, REBIXMERN 7, 00 EHBKRNKE0, n]
LHESHSHF .

- AHBSEENBEOBRE. B BEREIRSLTRE [0, 7 | 0BENK, S—5EH
ENRSLTFRE [ 5.0 WEN. IE-BE, REIKOERNNa=T ., BEEM
SRESHRENBNBH S RAKIED, 2 1A 2, n] LEELITHH.

NTHEE— P EBNFHERNES >0, RIEESREMTHE
fr(aS)=S8S, (4)

HoPfFRENXE L/, BR\ZE LARPRITTENES—HBHEE LT E(4)0#ESK Tnips
FIEAX, AT T—REERALE, HANCHIEEIN, p).

() XEEHMHNBHRITAR. BRBE LIRS BOMLTXE[ag,a1] [a2.a5], ..., [32k2,
ax JNRE, BHE2ETRS BNMETXE[a), a1, (a3, as), . .. , [ax, ax |NFEE, H
0=ay <a; <+<azy =N,

RigERO<b<csn, BRMAGTFXED,CJNTEIEAKERZERRAp(c-b)/n, B, Fesb
BETHORE LUER p 2 EX0 (021 - a2i-2) 3K, MRALBE2OT/ELUER p2 2 EX) (ag) - azj1) F)
io

F—A:NTFE— B r=12, ERL—BPOREPEHRE fr(p,S;)= S,BES, BRXTF
n,p B9 R

BIE:EXE—TBEr=1, 20884

s g(n,pr).

Nfr é prn nll)oo n (5)

BHk=21M0<a, < <ay,<n@EBME2max{M, M,} R/ k., NBRERD —MEHRBERIX
X, BETXRIE, HERLERAHEBREXRER.
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Noodles are beloved traditional food in China. There are many types of noodles and there are
even new ones created everyday. This morning, Noodle Master Zhang, all of sudden, has a nice
new idea. He sticks the two ends of a wide noodle dough together, (see the following picture).
Then a wide noodle dough becomes a ring of dough.

S

(Picture 1)

As everyday how he cuts his noodle dough into two, Master Zhang now cuts the ring of dough
along the centerline, then he’s got two identical rings of dough (see the following picture)

o - E—{%

—

(Picture 2)

What a beautiful morning! As Noodle Master Zhang is feeling so good, he suddenly has another
brilliant idea: he turns the noodle dough once, then glues them at the ends. In this way, he
accidentally makes a Mobius Band (named after German mathematician August Ferdinand
Mobius).

==

(Picture 3)

It doesn't take Master Zhang too long to get his second brilliant idea, third brilliant idea, etc.,
namely, Master Zhang turns the noodle dough twice, three times, ..., n times, (all in the same
direction), then glues the two ends together. These noodle rings do not have yet official
mathematical names. Master Zhang gives them names according to the number of turns. For
example, he calls his Mobius-Band-noodle-ring, 1-flip-noodle-ring, and those which are obtained



after n times of turnings, n-flip-noodle-ring. See the following picture, for n=2, 3, and 7. And the
very first one, without any turning, is called a trivial-noodle-ring, or simply a O-flip-noodle-ring.
From Master Zhang’s point of view, these noodle rings with different turning numbers are
different from one another, because he can not change one into another in his kitchen, no matter
how he stretches them).

God oo

(Picture 4)

Master Zhang then uses these ideas and opens an online noodle shop to sell these n-flip-noodle-
rings. It turns out to be rather hot and successful on the market. Someone makes for 100-year-
old birthday of their family member, 100-flip-noodle-rings; someone reserves 2019-flip-noodle-
rings for their company’s anniversary in 2019. Poor Master Zhang—his hands must be sore after
so many turns :)). Now our question comes: take a 100-noodle-ring and a 2019-noodle-ring, if
Master Zhang still cuts along the centerline, what will he get?

A. A 200-flip-noodle-ring, and a noodle-ring that is not as constructed above, respectively;

B. Two 100-flip-noodle-rings, and a noodle-ring that is not as constructed above, respectively;
C. A 200-flip-noodle-ring, and a 0-flip-noodle-ring, respectively;

D. Two 100-flip-noodle-rings, and a 0-flip-noodle-ring, respectively.

E. None of the above choices



R1-2. Let n>1. Let A = (a; j )nxn be an n x n square matrix with each
entry +1. Write vy, . . . , v, for the n row vectors of A. For two row
vectors v = (a;)1<i<n and v = (b;)1<i<n, define

v = (aibi)lgign

and

Assume that:
(1) for any i,7 (1 <1i,7 <n), there exists k (1 < k < n) such that
Vi * Uj = Ug;
(2) forany ¢, (1 <4,j <n,i#j), v;-v; =0.
Prove that:

(i) the vector (1,...,1) is a row of A; for any other row v;, there
—_——
exist 4 entries equal to 1, and % entries equal to —1.
(ii) n = 2™ is a power of 2.
(iii) when n = 2™, by applying permutations on rows and columns
of A, the square matrix A could be transformed to a square

matrix
11 \®"
(1)
Here

Xm=X@ X=X X)®- )X
N’

N J/
-~

m m

is the m-th tensor product of a square matrix X; for two square
matrices X = ()14 and Y = (yyj )1z j<q, their tensor prod-
uct is a pg X pq square matrix defined by

X ® Y= (2h)1<ri<pq

where 2z = x;; yy7 when we write £ (and {) in the unique form
ask=p('—1)+i(and | = p(j — 1) + j) for integers i, j, 7', j
with 1<ij <pand 1<7,j <q.

Proof. (i) take an row v; of A. By assumption there exists k such that
v =vxv; = (1,...,1).
—_——

(ii) and (iii) Method 1. Let G = {wy,...,v,}. With respect to the
operation, the assumption implies that G is a group, with identity a row

v = (1,...,1). Since v; xv; = (1,...,1) for each i, G is an elementary
—— ——
abelian 2-group. Thus, n = 2™ is a power of 2. By assumption,

AAY = nlI,. Thus, A'A = nl,. Then, the columns of A are orthogonal

to each other, hence different to each other. By the definition of *, a
1



2

column of A is just a character of A. Hence, the matrix A is just the
character table of A. As G = (Z3)", A could be transformed to

11 \®™
1 -1

by applying permutations on rows and columns of A, where ( 1 _11 >

is the character table of Z,.
Method 2. By assumption, we could find a maximal set of rows
UL = Uiy vy Uy = v;, Of Asuch that uy = (1,...,1), and uy is orthog-
—_——

n

onal to any product of wuq,...,u,_1 with respect to the x operation.
Then, uq,...,u, generate all rows of A with respect to the x opera-
tion. Hence, n < 2™. From the condition posed on uq,...,u,,, one
could show by an inductive argument that n = 2"k is a multiple of 2™
and there is a unique form of the tuple (uq, ..., u,) modulo permuta-
tion on columns of A. Since rows of A are distinct, then n < 2™. Hence,
k = 1; and for a fixed m there is a unique A modulo permutations on
rows and columns of A, which is just

1 1 \®™
1 -1 :

R2-3. For any even polynomial function on R with real co-efficients
f(x)=co+caz®+ -+ ca™,

define .
T(f)(x) = / o T cos(2may) £ (y)dy.

(i) Show that T'(f) is an even polynomial function on R whose
degree is equal to the degree of f(x).

(ii) For any n =0,1,2,---, denote by EP,, the set of all even poly-
nomial functions on R of degree less than or equal to 2n, which
forms a real linear space. Find the dimension of the subspace

Vo=A{f €EP,: T(f) = f}.
Solution.

(i). For any odd polynomial function on R with real coefficients
f(z) = cor + c12® + - - - + cpr®™ T
define N
S = [ e sin(ane) )y

o0



Forn=0,1,2,---, let A, = T(2*") and B, = S(2***!). That is,

+oo
Ap(z) = / @V cos(2may )y dy

[e.e]

+oo
B.(z) = / @Y7 sin(2may)y?  dy

For n =1,2,3,---, we integrate by parts:

1 +o0 2 2
Ap(z) = ((—27Ty)e(x Y “) - cos(2may)y*tdy

=27 J_o

1 oo 2 2 8
= [0 — /_Oo ey (9_3/ (Cos(2mcy)y2”’1) dy

-9 +oo
= 277:6 . / el =), sin(2mzy)y*" tdy +

2n —1 +oo
+ n2 / @ =y . cos(2mxy)y*"2dy
s

—00

2n—1
= —aB,1(z)+

. An—l(l‘);

and

]_ +oo 2 2
B,(z) = <(—27ry)e(“’ Y )”> -sin(2rzy)y*"dy

=27 J_
1 oo

0
— _— O — (x27y2)7r . 3 2 2n d
—5r [ /_oo e o (sin(2rzy)y™") dy

2 toe
= %ﬂx . / @ VT cos(2mmy)y*dy +

2n oo (x2—y?)7 . 2n—1
+2— . e VI L sin 2y )yt dy
T )

= zA,(x)+ % - By ().

[e.e]

Therefore, for n = 1,2,3,---, we obtain the relations

2n —1

(1) A, (z) = =B, 1(z) + o

. An_l(l'),

n
(2) B, (z) = zA,(x) + — By —1(z).
We also observe

(3) By(x) = xAo(x).



We claim that Ag(z) is constant 1. In fact,

dAO(m) . Foo 3 (x2_y2)7r
e = / B (e COS(27T$y)> dy

—00

+oo
= / @V (271 cos(2mzy) — 2wy sin(2mzy)) dy

2w Ag(z) — 2mBy(2)
where the last step follows from (3). We also observe

+o0
Ap(0) = / eV mdy = 1,

o0

because of the well-known Gauss integral fR e dt = V7. In fact,

2 2 2 2 R 2 2
(/ et dt) = / e S T dédn = / / e " rdrdd = .
R RxR 0 0

Therefore,
(4) Ao(z) =1

holds for all x € R as claimed.

By (4), (3), (1), and (2), we see by induction that A, are all even
polynomial functions of degree 2n, and B, are all odd polynomials
functions of degree 2n + 1. Moreover,

An(z) = (=1)"2* + lower even-order terms

and
B,(z) = (—=1)"2z*"*! 4 lower odd-order terms

In particular, this proves (i).
(ii). (One with some background in Fourier transform will be able to

guess T(A,)(z) = 2", which we provide a direct proof.) WE prove the
following claim by induction:

(5) T(An)(z) = 2™, S(By)(x) = 2™,
forn=0,1,2,---.

To see this, we compute:

T(A oo
W = dizr {/ @ =y COS(Qme)An(y)dy]

+oo
= / @ =V 9711 cos(2mry) — 2my sin(2may)] - An(y)dy

= 2maT(A)(@) 27 (S(Ba(2) — = - S(B,1(2)))
= 2nxT(A,)(z) — 2mS(Bn(x)) + 2nS(B,_1),



using (2). Similarly,

% — d%{ /_ +Ooe(“”Q‘?f)”sin(%xy)Bn(y)dy]

[e.e]

+o0o
_ / eI 27 sin(2may) + 27y cos(2may)] - Ba(y)dy

o0

= 2mzS(B,)(x) + 27 (—T(An+1(x)) + 2”; ! -T(An))

= 2m2S(B,)(x) — 27T (Apir () + (2n + DT (A,_),

using (1). Therefore, for n =0,1,2,-- -, we obtain
21T (Ap)(z) = 2mxS(B,)(x) — % + (2n+ 1)T(A,),
21S(By,)(x) = 2maT(A,)(x) — w +2nS(By-1),

where B_;(x) is defined as 0 by convention. The above formulas imply
(5) immediately by induction.

The linear transformation 7,, = T'|gp, : EP,, — EP,, has an upper-
triangular matrix over the basis (1,22 2%, -+ ,2?"). It has alternating
diagonal entries 1, —1,1,--- , (—1)" by the above leading term formula.
Then the characteristic polynomial of T;, is

det(Ar =T = 40, 7 e med
Tl =Dm(A=1) n=2m

The formula in (5) about A,, implies 7~ L= T, on EP,, so T, is diago-nalizable.
Therefore, T, fixes a subspace of dimension m+1 = |n/2|+1 on EP,,.

R1-3. Let h(z) be a polynomial in variable z. Consider the degree 3
equation y® — 32y + h(z) = 0 of y, with coefficients in the polynomial ring C|z].

(i) when h(z) = —2z3—1, find a solution y = f(z) which is a degree
one polynomial function.

(ii) suppose that the equation y* — 3zy + h(z) = 0 has three dis-
tinct solutions y = f1(2), f2(2), f3(2) with each f;(z) an entire
function of z. What can h(z) be?

Recall that an entire function is a holomorphic function on the
complex plane.

Solution. Let w = e5".

Answer: (i) y =2+ 1, wz + w? or w?z + w.

(ii) h(z) = 32% + ¢~ for some constant ¢ # 0.
Lemma 0.1. Let g(z) be an entire function, and k be a positive integer.
If g(2)* is a polynomial, then g(z) is also a polynomial.

Proof of the lemma. Write ¢(z) = g(2)*. Since g(z) is an entire func-
tion, each zero of ¢(z) has multiplicity a multiple of k. Thus, g(z) =
{/¢(z) is still a polynomial. O
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Proof of the answer. (i) by a direct calculation.
(ii) write
1

u=g(hz) +wh(z) + W’ f3(2))
and .

v = g(fl(z) + Wi (2) + wfs(2)).
By fi(2) + f2(2) + f3(2) = 0, we get

fi(2) =u+twv, fo2) = w*u+wo, and f3(2) = wu + wo.
Therefore, —3z = —3uv and —h(z) = u® + v®. Let A = 423 4 27h(z)?
be the discriminant. Then,
A = 4(=3uv)® + 27(u® + v*)* = 27(u® — v*)*.

By the above lemma, u® — v3 is a polynomial. As u® + v3 = —h(2)
is also a polynomial, both u® and v3 are polynomials. By the above
lemma again, both u and v are polynomials. By —3z = —3uv, we may

assume that © = —cz and v = —c~! for some constant ¢ # 0. Then,
h(z) =323 4 3. O



1 Problem 1

A seller on Taobao has launched a product of “unbreakable glass” that they claim can fall from
high altitudes without breaking or cracking. Alibaba Quality Inspectors spot this product and
decide to perform a dropping test in a 120-story building. They take three identical glasses from
the seller and want to find out the highest floor where the glass can fall without breaking. When
a glass falls from the window of the t—th floor, it will have one and only one of the following

consequences:
(a) no breakage, no crack;
(b) no breakage, but cracked;
(c) broken.

We assume that if (a) occurs on the tth floor and (b) occurs on the (¢ + 1)th floor, (b) will still
occur on (t + 2)th floor but (¢) will occur on the (¢ + 3)th floor. For example, one possibility is
that (a) occurs on the fifth floor or below, (b) occurs on the sixth and seventh floors, and (c)
occurs on the eighth floor or above.

If the glass falls from the window on the first floor and either (b) or (c) occurs, we write
N =0. For eachn =1,...,119, if the fall from the nth floor does not cracking the glass but the
fall from the (n + 1)th floor ends up cracking it, then write N = n. Finally, if the glass is still
not cracked when falling from the 120th floor, we write N = 120. Notice that once the glass is
cracked, it cannot be used again.

The inspectors want to perform a sequence of dropping tests so that no matter what N €
{0,...,120} is, they can throw from no more than M different floors to compute N. What is the
minimum value of M? (Of course, throwing objects from a height is dangerous, so one should
never do it.)

A.8 B.9 C. 10 D. none of above



2 Problem: Ant Forest

Ant Forest is the world’s largest platform for personal carbon accounts, which record each per-
son’s low-carbon behavior in quantitative terms. When an Alipay user gathers enough “energy”,
he/she can apply to Ant Forest to plant a real tree. As of April 22, 2019 (World Earth Day), a
total number of 500 million users of the Alipay Ant Forest have planted 100 million real trees in
Northwest China covering a total area of 112,000 hectares, and protected a total area of 12,000

hectares of conservation land.

1. In this question, we consider planting a tree at the center point of each small square in
a 3 x 4 rectangular area. It is required that there cannot be three consecutive (or more)
trees in three directions: horizontal, vertical, and diagonal. Let 1 indicate that trees can
be planted, and 0 indicates that trees cannot be planted. A diagram that satisfies the

planting conditions is

0

A diagram that does not satisfy the planting conditions is

1101011

0

(a) What is the maximum number of trees that can be planted in a 3 x 4 area? Please

give a way to plant them.

(b) On the premise that the answer to the previous question is how many trees can be

planted at most, how many ways are there in total? Please give ideas and answers.

2. Consider a 1 x n region consisting of n squares in a row, and we plant one tree in each
square sequentially from the first square to the nth square. There are only two types of
trees, Populus euphratica and Pinus sylvestris. Suppose the tree planted in the first square
is randomly chosen to be Populus euphratica or Pinus sylvestris, and the probability that
it is a Populus euphratica is equal to r. For each subsequent square, if Populus euphratica
is planted in the previous square, then the probability of planting Populus euphratica
in the current square is s; if Pinus sylvestris is planted in the previous square, then the

probability of planting Pinus sylvestris in the current square is ¢, and 0 < r,s,t < 1.

(a) Suppose r = %, s+t # 1. Does there exist s and ¢ such that for any i, 2 < i < n, the
probability that the tree in the ith square is a Populus euphratica is a constant not

depending on ¢?



(b) Suppose r = %, s = %, t= %. Suppose we observe that the tree planted in the 2019th

square is a Populus euphratica but we do not observe the type of trees planted in any
other squares. What is the probability that the tree planted in the first square is also

a Populus euphratica?

3. In order to control costs for a sustainable development, Ant Forest wants to obtain planting

quota from the public welfare organization before the number of user applications is known.

Denote the number of applications from the Alipay users for Populus euphratica and Pinus
sylvestris by Dy and Ds, respectively. Denote the distribution function of D; by F;, and
denote the mean and variance of D; as p; and o? (i = 1,2). Suppose Ant Forest knows
iy a? but do not know other information about F;, and needs to decide the reserved quota
for both types of trees, which is written as Q; (¢ = 1,2). Due to the environmental carrying

capacity, the total number of trees planted cannot exceed a given constant M, i.e.,

Q1+ Q2 <M.

We assume that M > pg + pe.

The ordering cost for both types of trees is cQ; (i = 1,2). If the reserved quota Q; is smaller
than the number of applications D;, i.e., Q; < D;, there is an additional cost m[D; — Q;]*

(i = 1,2) because of the additional logistics costs and etc. Here [z]T £ max{z,0} and ¢, m

2 2
are given constants satisfying ™ > <%) > <%) .

Ant Forest wants to choose @; > 0 (i = 1,2) such that the worst-case expectation of

total costs is minimized, where the worst case is among all possible choice of F; with
2

known mean p; and variance oj, i = 1,2. Mathematically, the goal is solve the following

optimization problem:

Cg?,icr?lz F1€~;??F)§€f2 i;2 |:CQZ + /0 (m[§ B QZ]+> dﬂ(f)] ’

(1)
subject to Q1+ Q2 < M, Q1,Q2 >0,

where F; is the set of all cumulative distribution functions with mean p; and variance o?
(i = 1,2) whose support is non-negative.
Question: please solve the problem (1) and derive a closed-form solution of the optimal

reserved quota Q;, 1 = 1, 2.

3 Problem: Simplified Models of Elevators

Consider an (n + 1)-story building with a lobby (the Oth floor) and a penthouse (the nth floor).
The height of the kth floor is kh, for kK = 0,1,...,n. The penthouse is H = nh high from

ground.



For simplicity, assume an elevator in the building either stops (at 0 speed) or runs at the
fixed speed v and has an infinite capacity, unless otherwise specified. Assume no delay over

changing speeds between 0 and v.

1. Suppose an elevator leaves from the lobby at time 0 to travel up.

At time 0, at each floor k = 1,...,n — 1, a person who wants to go up to the penthouse
is waiting to enter the elevator, and another person who wants to go down to the lobby
is waiting to enter the elevator until elevator comes down and stops at the floor. So the
elevator is going to sequentially stop at floors 1,2,...,n,n—1,...,0. Each stop takes time

¢ seconds regardless of how many people enter or leave the elevator.

Define waiting time (since time 0) of a person as the time when the person enters the
elevator. What is the average waiting time of the 2(n — 1) persons, that is, the total

waiting time divided by (2(n — 1))? Ignore their time inside the elevator.

2. In this question, assume the elevator travels non-stop between the lobby and the penthouse.

Any stop takes 0 time.

An ELEME™ rider arrives at the lobby to deliver a meal to a resident. At his or her
arrival time, the elevator is going either up or down with equal probability, and the elevator
is at height X, which is a random variable uniformly distributed on [0, H]. The resident
who expects the delivery is at height Y, which is a random variable uniformly distributed
on [0, H] and independent of X.

(a) Suppose the rider will wait at the lobby until the elevator comes down so that he can
take the elevator to go up to the resident’s floor. What is rider’s expected waiting

time before he enters the elevator?

(b) Suppose instead, upon the rider arrives at the lobby, the resident immediately tries
to take the elevator down to the lobby to meet the rider, and the rider will just wait
at the lobby. What is the expected waiting time of the rider before he or she meets
the resident at the lobby?

3. Starting with this question, we treat floors as continuous variables for simplicity. Sup-
pose the elevator carries xg people and leaves the lobby at time 0. Their destinations
are D1, -+, Dy, € [0,n], which are independently and identically distributed continuous

random variables with a certain distribution F' on [0, n].

After all of them reach their destinations, the elevator immediately starts to go down
toward the lobby. There are no additional passengers. Assume the elevator returns to the

lobby at time

S22max{Dy, -, Dy} + 50, (2)



which is known as average round-trip time. (This formula of S has incorporated the

elevator’s speed and average time for each stop, so one should ignore v and each floor’s
height.)

(a)

Round-trip time of a single elevator. Write the expected time of return as

fr(xo0) = E[S], (3)

which depends on F' and xg. Let F' be the (continuous) uniform distribution on [0, n].

Compute fr(zo).

Two elevators. In this question, we consider a building with two elevators. Pas-
sengers arrive at the lobby at rate p. So on average p people arrive to wait for an

elevator to go up in each unit of time. Compare the following designs:

o Two identical but separate elevators serve all the floors. Assume each passenger
comes and waits for one of the two elevators (even if the other elevator comes
first). For each elevator, passengers arrive at the rate a = g, and their destination
follows a (continuous) uniform distribution F on [0, n].

e Low-floor and high-floor elevators. Assume one elevator serves destinations in

[0, 2] and the other serves destinations in [%, n]. The arrival rate for each elevator

D) 29
remains at @ = §. The destinations follow (continuous) uniform distributions on
[0, 5] and [5, n] for low-floor and high-floor elevators, respectively.
To compute average round trip time S > 0 of each elevator, we need to solve the

following equation:
fr(aS) =S5, (4)

where fr is defined in the last question.

Write down the solution S for each elevator in terms of n and p for each of the two

designs. Let us call it as function g(n, p), which we use in the next question.

Elevators with interlaced destinations. Assign Elevator 1 to serve the desti-
nations in [ag, a1], [a2,as],...,[a2k—2,a2r—1] and Elevator 2 to [a1,as9], [as,a4], ...,
[agk—1, azk], where 0 = ag < a1 < -+ < agg = n.

Assume the passengers whose destinations are in [b, ¢] arrive at the rate p(c — b)/n.
Therefore, those that need take Elevator 1 to their destinations arrive at the rate

p = B Zle(agi_l—agi_g) and those who take Elevator 2 at py = B Z;?:l(agj—agj_l).

(i) For each Elevator r = 1,2, use your function g in the last question to express the

solutions S, to fr(p,Sy) = Sy in n, p,.



(ii) Define the capacity of Elevator r = 1,2 as

M, & p.n- lim 79(7%]%). (5)

n—oo n
Find k> 1and 0 < a; < --- < age_1 < n that minimize M = max{Mj, Ms}. If
you cannot find a concise formula, write down the key steps and highlight your

final answer with a box.
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(3+t_1)k (3+t—1)k (3+t_1)k—1* = &y
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A i,
(n i 3 (1 B t) N
(s+t=1 L (s+t-1*  s+t-1
_L=2(S+t—l)"" €+t_1
_ (1 _t)[.¢+:—1 o («'f+fl—1:l"] + 1 (11)
HKAhry, eh(2)75 5
(1 -t)[5 - =)
i _ s+1—1 (s+t—1)" + § (12)
GFe-Tp s+E-2 et
R UL A
P(Xl — Elxn T E)
1,
Pn
{l_t}[ﬁ‘l‘:—l-{ﬁ“l'fl-’]"] e !
B S+1—2 s+t—1 .
T e = 2019, (13)
, : +

s4+t—2 s+t—1

3. N T AR Rl RESE R A R AS, W AR R A B 00 P e A 2 AT AN B
LA SRAG AR ECET . 2 BALAR it D) Do 73 ) 7R SCAS 5 FH PR R A5 A F- K ) B
. ¥ DM R BGENE;, BHER T 20 KR Rufe? Gi=1,2) .
fE VLIS ARAR R NI 1, 02 Gi=1,2) HIFAREFAILEEE . IR AR ZE 5
SE PR R, e RQ; G=1,2) . HTHEIRKSZAE S, Pk A &
BAReE 25 i H B, B

Q) +Qx< M.

I EHEEM > 1y + poo

501 195 AR 1R T 0 B AR 23 0 Me@; G = 1,2) o Tl S T R G AQ, /N T b v e
WAUED;, MQ; < D;, WA EAmMD; — Qi i = 1,2) . XH[z]t £

max{z,0}. m,c,p;, o NEFHH HHERR™=< > (m) > (ﬂ)z.

j2

PR AR A BE AR ECHIQ;: > 0 (i =1,2) [HFF7ERIRE BT SR AR i 34 22 B
AN, Fer dg RS L2 XS AT AT RERI M i 7 22 No? I A BR L, . N




Lk, HFRE KA LA R4 )

é]l]‘%i 5 EE}?‘%E_FE i;g [CQi + /{]\ (ﬂI[E o Qi]+) dFl(E) ' (14)

subject to Q)+ Q2 < M, Q;,Q2 >0,

WP Fe A XM 72 R0] (Gi=1,2) WRBDARBNES, TR
MNAETEL

) BB G OR MR IR (14) » HES IR RCEIQ;, i = 1, 20038 3 ARIA 5.

fRE. AUiAkTH. ScarffE19574E ) L i A min-max solution of an inventory prob-
lemo &% 2ETGallego FMoon fE19934E 1) AT o A< {8 X A0 A6 FABE 48 LE 3¢ )
)RR .

H %R

§ — Qi + (£ — Qi)
2 ]

K—QP=|

FEBUW 2 T Cauchy-Schwartz AN 35 2015 3] :

El§ — Qi| < [E(€ — Q:)%]2 = 0] + (Qi — 1:)°]2 .

[0 + (Qi — ﬁh‘)z]% — (Qi — i) |

El¢ —Qi]" < >

(15)

AFBEERQ;, ERXARGH ¥ HARREN —A LS. % BT AE— AW i
ATHCE], ERBE

_ [0+ (Qi — )2 + (Q: — )

3 :
2[07 + (Qi — )2
N W
1-8]? 1
i — 0 [T] = Qi — [0} + (Qi — m)’]?,
HAR A

_ [0+ (Qi — 1) Y? - (Qi — )
2002 + (Q; — )2

1-p
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pRA0; l%l = Qi+ o + (Qi — p:)”]2 .

H B ETR, HARMCANFIRQ /ML IR/ -

02 + (Qi — )% — (Qi — i)
2

min E cQ; +m
Q1,Q220,Q1+Q2<M 9
1= 1 L

Al DA ) EiR B TQ& M B8, )\ BAKROQ, + Qr < MIFitgIH e v. N
FH S ) 7% B 345 1) 0 -

— (@~ i) |

Bt =t

o7 + (Qi — )’
9

max min Z cQ); +m + AMQ1+Q2— M).

AZ0 Q1,Q2>20 -
i=1.2 L

(16)

N T2 AR /N 1) 78 ) e D A

2
: aj m—(c+A) - c4+ A m—(c+A) oi
. { : (\/ - \/m_[””) e 2 (2) (17)

0 otherwise.

B o V&S] RE A T Qs > B AR S, AR i R AR Q, T LA
h— R & HAR ., EXE < Q; < kitd +,, b, 7SR R 24 T (4 A
RQ; = BRI . TEIXANX A L, EEEAW@,%%Z‘FF H b7 B 20 T-Q, 4%

P mﬁﬂﬁﬁz(if,Eh%ﬁ%ﬁ%&ﬁ%fﬁF%ﬁ%=ﬁﬂ%,w
RN < (o), FARER AR LA IR ] A EERY.
4

[ 5 KA 1) L) H s bR B2

(c+A) (1 + p2) + (01 +02)y/(c+A)(m—c—A) =AM if0< A< )y,

ml“’l*“l**“ +(c+ N+ 09/(c+A)(m—c—X) =AM if \; <A< Ay,
jfcr?+_u,1+«.,,fa§+p:2+p1+p2 —\M if A > Ao
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HEEFIZ HARREOR T E M R 55— X 8] L ) — B e S 14 2 4 72 -

M — (1 + po)
g1 + 02

m—2(c+ A) = 2/ (c+A)(m—c—N).

ICE RSN, RO, 58 AN X _E— B UvE R AR EC v, RlE, st
KRS b A

0 if X\, <0,

Ay i) < Ay Ay,

i 2 € M < A, (18)
Ao A < A < A,

A otherwise.

;\*

|
=

FaXT AN (D7), FRATIAG B s AR ) T B G 40 Q,
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B/ F—m

R2-1. &% A HH—HRMK¥FEWMEN, ELMKMK, CI R RE#EER
fJP(M) WM AT, WEAMK, e 2 F i 2% Z808Q(M): F=RHKF,
WRAM K, WEFr VTR ZREZECAIR(M).

B, WR—H2KT, B—HFERERAGRENKL T, rleaig Fimtb—2E
oIt . Rk, — R KM R AE S ZE i 5 I REH € MZERERIN ZAEL, Pt LA
BHP(M)=M.

Kk, P (M RM L) ki, RE—KAHQ() = P(1) = 1. T
fmQ(M),MKTET2Ms, FHiHEANX: QM) =PM -1)+3+Q(M —1). %A
A DAE I R 3R . B FERSIEET (SHHUETRFE) » 2 =Falfigth
T REAM:

1. WA T, WINWTHAER{0,. .., S =3}, FHHRETF— 2 M — 1xik, fr
LKA VF FlIAS —3=PM —-1) )2, BIEKS = P(M —1) + 3;

2. MR, WNWHAEN{S-2,5-1}, HHRETF—RKT: KBNS -1)Z
BEF, MAETUN=85-2, {EMN=S-1;

3. WRAW. KRG, WINATHUE SECE K, L a8 B2 ik e 4k 2: B 27
M — 1R, BrBA BT 28 HS +1,...,5 + Q(M — 1)iX4er% )z

Ft, BROIBBIQM)=S+Q(M —-1)=P(M -1)+3+Q(M - 1))Z. MEKEH™
RKTFQM — 1) X/NTFETFQ(M) I, HEBEH—IKES = P(M 1)+ 3Z8HT,
ATARIEES R, o =R L e 12 TR E AL

i s ﬁzfu%m;m H =R , #—IK. Wi?ﬁﬁ)}UﬁR(l)_P(l}_
1, R(2) = Q(2). MAFTR(M), MK T % T3 1fi &, riﬁiuﬂ’]ﬁﬂﬁ \: R(M) =
QM —-1)+3+ RM —1). HEXREARKNEFE THSE, WREE 7 WNWTHUE
7{0,...,8 =3}, FFHEHETFH KM — 105K, ﬁﬁuﬁkfmwﬁﬁs 3 =
PM —1) Z, BlgEKRS =P(M—-1)+3; WRART, WNaTHAEN{S —2,5 -1}, B
FFHHARFPEE— RS — 12 TN, BRARE. ERE, ElifeE
B R4k S ) = R M — 1k

WRIE VAL AL HEA S, RG] K.




M |1|2[3]|4]|5 7 | 8
PM)[1]|2|3|4|5]|6]| 7 | 8
QM) |1|5[10]16|23|31| 40 | 50
RIM)|1|5|13|26|45| 71105 | 148

BHKIMR(T) = 105 < 120 < 148 = R(8), HI7THANGE, SULHE, [KIH A8 i) 2 R ik

WA, 8K,

200 ERE SR E S EMREESEESE 13/26
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R2-2. &%: A AUBRECREFEN. BINA MB ff &7, 3F Heq# 25 o0
PERRITL. RATATEABEA FIE. ZAOB < o B HALY B fEREENL — cos a HIERE
IR (1 — cosa) /2. SK&1]

i

B, XS THER E27(1 — cosa), K kB 1EHEER e B

R B O 1
fla) =((1—-cosa)/2) = §Sina.
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R2-3. X T s28hR ErE—1% 2 il
f(z) =co+ 1z + - - + c,z°™,

& X

+00

T(f)(a) = [ e " cos(emay) f(u)dy

— 00

() W T()WR—MBZER, 315 A4 HE R

(i) AL XIS % B = 0,1,2,---, CEP, A K EOR # idon(f #E2n 1K) 52 #
IR RS 2 TR 8 A, W — AR, KT A

Vo ={f € EP,: T(f) = f}

RI4EEY.
. (1). TR ER A2 00K £

f(x) = cox + ,313:3 deee o ﬂ”IEH—Hj

& X

+00

SUN@) = [ e sin(2ma) f)dy

HFn=01,2,--- @A, = T(z>) B, = S(x2"*). tE]:

An(x)

|

+o0 g i
f e VI cos(2may )y dy

o

400
Bn(z) = f e V)™ sin(2ray)y*H dy

o0

WFfn=1,2,3,---, HOHBHRT1E:

1 +0oC
A, (z) = g ((—Qﬂy)efxﬂ_yg}ﬂ) - cos(2mxy)y*" " dy
—_ 2T —00
1 R 0
= o [”‘f_m VT 5 (cos(2may)y™ ) dy
oy [t L .
_ 22?”’ / ez —y)m -sin(?w:ry)y?"_ldy-i-
ﬂ- — 00
2n — 1 e
+ néﬂ : / e V)7 . cos(2may)y>"2dy
2n — 1
= —2Bp(2) + —— - Ana(2);
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P
| i 2_,2
B.(x) = E/ (( 27y)el” 1"") -sin(2may)y*"dy
1 - +o0
= — [{] / : (5111(2?1':1:3;) y™") dy
. +00
- ZQL: / yo)m - cos(2may)y*dy +

2n - (22 —y*)m ; 2n—1
= B S e SLE Slﬂ(?ﬂ'.’ﬁy]?} d?}

|
8
o
=
3,
+
33

vy
7
O

ig#a gﬂ-nz]ﬂZzgﬁ”'a ;{%
2n — 1

Ap(z) = —zBp-1() + o s An=1(2); (19)
)4
B.(z) = zA.(x) + ;i s B i) (20)
WELT
By(z) = zAp(z). (21)

PATIEH A (2)fESEF1. HsL b,

. +00
dAo(z) / o ( (z*=y*)m cﬂS[Q:’TI‘H)) dy

dx O

=

+00
f e V)T . 21z cos(2mxy) — 27y sin(2rzy)) dy
— 00

2rxAo(x) — 2m By(x)

e Ry, 14

IXFE,
Ao(z) = 1. (22)

H1(22), (21), (19) 22 (20), @ XFn BUAATUE: A, 20 RIBZ WK, B, /&2n +1 X
RE2!UEW 4]

An(z) = (—1)”:r2” + lower even-order terms



B,(z) = (—=1)"2*" " + lower odd-order terms.
IXFE, UEBH T (i).
(ii). (AT RS AT LARGE]: T(A,)(z) = 2. FHFERAEHXANER.) 347

IR LT E
T(Ax)(z) =2, S(B,)(z) = 2™ (23)
for m=0, 1,2~
iz FH(20), i 5HAS:
dT'(A,)(z) d

+O0
= — [/ e(™*—v)m CDS(Qﬂ:ﬂy)An(y)dy]

dx dzx

+00
/ (@ =y*)m 27z cos(2mxy) — 2mysin(2mxy)] - A, (y)dy

— 2m2T(A,)(z) — 2n (S(BH(I)) . ;—"’ * S(Bn_](m)))
2nxT(An)(x) — 20S(Br(x)) + 2nS(Bp-1).

Kl iz A (19) 515

dS(B,)(x) r_l

dx dz

I

+0o0
[/ e —Veln 5in(2?rmy)Bﬂ,(y)dy}

+00
/ @ =y)m 2mx sin(27xy) + 27wy cos(2mxy)] - B, (y)dy

= Q‘JTjjS(BH)(I) + 27 (—T{:AT,,+1(I)) -} 2?'12;:-‘ 1 4 T(Aﬂ))

= 2mxS(B,)(x) — 2nT(Any1(z)) + 2n+ 1)T(An-1).

XA, Zn=0,1,2,.---, FATH

27T (Apns1)(z) = 2mxS(B,)(x) — dS(?;)(m) +(2n+ 1)T(A,),
onS(B,)(x) = 2maT(A,)(x)— dT(‘j;)(”") + 2n8(B,_,).

peAL, FAEERRIRATE XB_1(z) = 0. 1B, LA HEH (23).
A, (2) 5B, (x) ) EIF, BAVHIE: LIEZRMRT, = Tlgp, : EP, - EP, £3(1, 22,24, -+ ,2*")F
(R A b = M dE R, XML TR N

S o



XA, HUAFIE 22 TN

(A2 — 1)mH n=2m+ 1

det(\] — T},) = {
A2 1)™(A=1) n=2m.

H(23)157, ' = T, XHET, A0 fk. BrCh, BT, 7EEP, N )AL [al & 20 Bl i) 525 1) i 4
Bom+1=|n/2| +1.
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R2-4. ZJE—¥fan + 1ZHRRE, HpREZBRE, BILEREnzR. BLEENGE
;Ekh, R | T P, 1 lﬁﬁﬁﬂﬁmﬁﬁﬁiﬁmH = nho XPFEMKEEE —HHEB. i

1&&%%8‘]%1‘%¥ AbFF RS GEBEN0Y , B4 L[ B3 Bo E47 80T
7. WARRAEWHHBH, BN ERENTT . BRE S MNOAE Rlo 8] B FL R A LEIR
(AN FE YR ) BAR T TE]D)

1. B B 7E B ZIOH B W 4 N K5 B H 4 Eig4T, B Z0ESFANFBLE, k =
L,....,n—1, F— 8 TR EENREESFENER, B —MEETH
K ) e AL S5 A7 dE N Bk B E B Bk R AT 2 1L ZE N A NS . K
i, HEMKIRESELE, $22, .., FnE, Fn-12, Fn-22, ..., HBOE
fFIECA Rt . AEA 2R NE T B, BRI B e R
B8] Nekb

FE SR 2 1) S A B 18] 9 MBS 200 46 21 3R s ik N FELBE OB 8] o 15 7131 2(n — 1)1
ge 25 P F e i [a),  ROUGE ) R A2(n — 1) 15 Z B A AT 7E B Bh B 045 B )
] .

. RS R EAT B in = (1) 36 2 (0 S5 A I [A) 52

kh

=" +(k—1ck=1,. — 1. (24)
£k JZ A TAT 3550 )2 1) e 2 ) SERF I [a] 2
&= (”“j‘u_ B & e L= (R D 1Y
) RS S| W S IO | (25)

v

ik, Frfa2(n — 1) N AR B EI [A] 2 .

Z(uh + di) = Z ('L”h + (k= 1)c+ e Jh +(2n — k — 1)c)

()

=2”(’”‘; oL +(n—1)(2n - 2)c. (26)

-2 ) S A I [R) &

ﬂi—f + (n—1)c (27)

2. b R v F R AE K R R R 2 ) AN Ta) iz 47, Hisfr g ARz ir m. &
— IR _E T e A% B PR RIS ] 90,
—AL T A7 HE/NFRRNE REIRREG — LR . /A EAR Z], HES
DAL 2R AL T EATIRES, FFH BB T EEX, XA2&[0, H]Z (81355 404 i) b




LA . S RERE R BT IZ R AY , Y RAE(0, H)Z 135 4 A R B LA
i, Y I TFX.

(a) BEAMIZ/NEF—BEAEREE R EERT) D54, BR R RE5 Lafe s ph £43%
WIRE )z o i vESEADSE /N RFERE N HRE HIT P S5 B () F YT B

RE. 2
s 1, GnSR e eh e st /N B BIA 21 R 17 (28)
0, U e EhTE PR/ BF BA R Z EAT.
DR 3 /) BF S ARF B[R] W 7
LV=%(X-I+(2H—X)—(1—I)) (29)

Kk, 1452

E[W] = EW|I =1]P(I = 1) + E[W|I = 0]P(I = 0)

_ 1} (E[X|P(I = 1) + E2H — X]P(I = 0)) (30)

L(H1 3H]
22 2 2

1

v
H
—

= (31)
(b) WA/ EF BIK KR, &P L% R S5 qe B s T 47 31 K5 3R 40 32 /)
BF,  MAMSE/NERAE R S BLAEARF . 1l VT AMSE /N BEAE L 3 25 5 R S A I 1] 1Y)
e,
fRE. AR E X

;={L b 5 LB A PN B B 220 R AT
0, ln 5 s BAAE PRk /N BF BIA RS %) BAT.
BRI /N BT L At/ i R DL 3 5 0 2 M A B 1) S

W = % {(X+H+H)lxevyl + Xlixsyy + (H- X+ H)(1-1)}. (32)
A3

| [H H
El(X +H+ H)lix<yy] = ﬁf / (x + 2H )dydax
0 T



1

=ml (x+ 2H)(H — z)dx

H
=—f (—2* — Hx + 2H?)dx
0

1 HY HP
=g(—3 — 5 )

=2 (33)

i

| H x
EX1ix>yy] = E/ﬂ /u rdydx

1 H
:ﬁ/ .'I,'Ed.'li'
0

H
=7 (34)

AL, SEARF IR 1] (4 30) 22

. 1
EW] = ;E{(X + H+ H)lyx<yil + X1ixovyl +(H-X + H)(1-1)}

—1} {E[(X + H + H)lixcyy)P(I = 1) + E[X1{xsy1]P(I = 1) + E[H — X + H|P(I = 0)}

T
_LfTHL H1 3H1
_v{ 62" 32" 2 2}
3H
e (BBUEN) . B X Y NEBEES{0,h, 2h,. .. nh} EEIZ) 504
AR E X

"

<1, G SR FLBRAE PR /) =] BIIA I 2 R AT
0, WIREFHLERIL /N FF BIER 2 EAT.

'

PR /N REAE A / Wt AE K 5 L 3817250 ) 22 i) S SR B[] i -

~ |
W = ; {(.X + H + H)].{x{y}f—F Xl{x;y}u}f +(H-X+ H)].{y:,[]}(l — I)} :
(36)



A2

E[(X+H . 5 H)l{x{y}] = L L (xh + 2nh)

r=0 y=z+1

= (37)

Zil

h =
_(n—l-l)i’;l

~h nn+1)2n+1)
(n+1)? 6
h  ni2n+1)

" (n+ 1) 6 (38)

R, A5 [a) ) Y] 2

- 1
E[I’V] = EE{(X + H + H)l{x.{y}f —I—Xl{xEy}n}f +(H-X+ H)l{y}ﬂ}(l — I)}
1

1 h n(in—-1)1 & h n(2n+1)1 % 3nh n 1
v |l (n+1) 6 2 (n+1) 6 2 2 n+12
3H n

= , 39
2vn+1 (39)

3. LN T iR R IR R SR AL B E A . ME 2, BBt HL AR AT AFIIA [0, n) Z 4]
WAL S SLBOL ), AR ZBSBEJZ 1) R R BB FE R 210 R BG 12 $aro (i 3fe 25 i K




W XL H B WD, -+, Dy € [0,n]o RWD,y, -+, Dy NISLIE 5
A AESRIHLA AL, AR ECNE .

ERTARZFZIEH )G, WERALZI A R T 243 K5 . B HAb#AMO e .
{8 HL AR (] 381 K A f B ) A

£2max{D;,--- , Dy, } + 5z, (40)

BRSPS R I 18] . 22 3\ (40) C 22 25 16 L BsE ) 3k JEE IR 5% B ) 1~ 220 (]
K FRATY 2 i 5o VAR S22 ) e

(a) B30 HLBR B33 R i 18] . 43R (] B 1] ) 3 2200 A8 T 20 A F Rl ) A
T

fr(zo) = E[S]. (41)

2 F [0, n] X 16)_EFESIN ) A . TR fr(xo)-
e, AR 25 AHDT gort RS, FEREIMD,, - -, D 22[0,n]
AL [R) A B AL AR B, AT

E max{D,,:-- , D, }| = ™ (42)
*ﬁt: :.IEE'““P@.:
2nxo o e 2n
fr(zo) = E[S] = o + 529 = 2n + 59 —

(b) PSRBT AR, EEPIRNEE— A MR . R E PA
R pRA K aE . K, BF— B4 [a) N3 pfil e 78 31A Ko I 55155 B S
AT, LB IR G ST TR

o FEEBHULMETR 7 B0 B IR 25 T A B2, (A 2 B 1 06 4 3 op —
MR CRE S — bR T DA FK) . xRk, e ik
Mo Ha = 2, AbAT EOHLIRANIX 1[0, n) b (9543 51 5 A F o

o SRR R R B, [ B RS AT X [0, 2] 9 H
s, 55— TR A T K (2, n) MOH RO, X5 — b, R
HHE MELN Ra = B. GRS RIETREIZ HUbh -2 10 H (93 40 53 AR X
1[0, 2)RI[2, n] 0SS5




N TR AR PSRRI [B).S > 0, AT ZE KM T T

fr(aS) =S, (43)

Horp fr )€ X [A] A
AR 3R PR v 7 X — R R S 5 R (43) I RS % Tnflp i R IA
e NT F—BEMEHAME, RANCH R Eg(n, p)-
. AR AR R FE, © L BB AR St 5 AR RGNt
UL Ry ia) i (c) 4ot — 2 EOU PR A .

o FITHIMLUBAF LIRS FTAREZE. BT M8 (a), ATH

2n

fF] (l{]) = 2n + 51’1?[} = Zo + 1 : (44)
PN BLBR XS ML 5 72 (43) J2:
fﬁl(gg) =5
KR E13 3
= 2n 2
S = ’ o = T = 45
g(n,p) 1_% p (45)

o AIRFSARIZAN G = KIS, @ Fy 2[5, n] LRS54, Fr 20, 5] E#
B2 oA, BAllH

T

fru(@o) =n+ 520~ —— . fry(@0) =20+ 520~ ——. (46)
S A HBA I 1 7 R (43) s
fr 580 =S, fru(58u) = Su.
SRARE AT Y548 A IE f0 A5 3
S=anp) = 72— (@
5, = gu(n.p) = 2(1 — 3p) — 2np — \/4n?p? + 25p> — 20p + 4 )

—2p(1— 3p)

(c) 28 B i i BRI 7 R, SRR B RS B A T X 18] [ag, ay).
[{12,{13], ey [flg;,;_g,ﬂgkq]m ﬁgs %ﬁQ:’Q‘: H HE%’ E H{Jﬂﬁﬁ:}: X rm[t’l],ﬂﬂ];
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las, aq),. .., [asp_1, a0 ]HIRE, HP0=0ay<a; < - < ag = no

R RAERO < b < ¢ < n, HHEHAET XA, o] i) 3 2 3 ik K 5 i)
Ap(c — b)/n. RIS, AL HELRLR % LUdE Hp, £ E2f=1(ﬂ2-i—1 — Qgi—2) 3
ik, TReAL R 21 e 75 LA Fp, £ EZJ (a2 — agj—1) Bk

(1) XT.I‘—JFJ:E JPEE.*%T — 1,2# 'fﬁ J:—‘Eﬂmﬁﬂﬁﬁq%?‘fﬂfp(pr&) = S,-E}‘]
S, 5 KT n, p R EL
(i) & XBEE— P = 1, 205588

M, = p,n- lim 9(n,pr) (49)

n—00 T

EHE>1H0<a < < agey < nffFHEM £ max{M,, Mo }We/ME.
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L
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aS
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_— 1 —5a
& X
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AT G, NFAERE > 10ETH, B a, 77L& 9k NG (n, p)
Hago(n, p) R FEAZ . N T ERIX 5, 7 AR FFag,_, D> —D/NES >
0, H¥a¥MEIFERIES. Mgi(n,p) Fge(n,p) BITTHFE, FRATA] BLE BXA
PR S BN g (n, p)Ego(n, p) PRFFAZE .

MAE, BRAMNFEEXELE =1, o, = anlTHEE. AT

2an 2n
My = (1 — .

Y= . Sap
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1-5ap 1-5(1-a)p
A
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i LR, mABHwtEk = 1, ar = o*n, HHar sz R =IKITREHIE
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