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R1 ���YYY. À�C ÎÜ¢S�¹.

R2 ���YYY. ))){{{���. ·��±Ueã�ªSü1 1, 2, . . . ÒØ¬� �. Äk, ?¿Sü

1 1 ÒØ¬� �"é n ≥ 2, e1 1, 2, . . . , n− 1 ÒØ¬� �®²�SüÐ, ·��

Ä1 n ÒØ¬ØU3=
 �"

éu 1 ≤ m ≤ n − 1, d dm,n ≥ 1
m+n

, ·���, l1 m ÒØ¬� �m©, ÷^!

_�����r 1
m+n

�ål, ¤/¤��Ý� 2
m+n

��lSÜ´Ø�±Sü1 n ÒØ

¬�. ù
�l�o�Ý

2

n+ 1
+

2

n+ 2
+· · ·+ 2

2n− 1
< 2(ln

n+ 1

n
+ln

n+ 2

n+ 1
+· · ·+ln

2n− 1

2n− 2
) = 2 ln

2n− 1

n
< 2 ln 2.

Ïd, ù
�l�¿8�o�ÝØ�L 2 ln 2, ���±�� 1
4
· 2π = π

2
. Ù� π

2
>

1.5 > 2 ln 2, �ù
�lØUCX���±, Ïd1 n ÒØ¬o�±ÀJ��Ü·� 

�, ¦�¦�1 1, 2, . . . , n− 1 ÒØ¬�m�ålþ÷vK8^�. dêÆ8B{��§

ù��±�±NB?¿õ�Ø¬.

))){{{���. ·�±�±��%��:ïá²¡���IX§¿ò1 1, 2, 3, 4 ÒØ¬©O

�3 (1
4
, 0), (−1

4
, 0), (0, 1

4
), (0,−1

4
) ?, =¦��Ë�Ì�©O� 0, π, π

2
, 3π

2
. d�?¿ü¶

Ø¬�ålØ�u 2 · 1
4
· π
4
= π

8
> 1

1+2
, �d�� 4 ¶Ø¬÷vK8^�.

·�¦^êÆ8B{y²e¡·K: é�ê k > 2, �±ò1 1, 2, . . . , 2k ÒØ¬S�

u�±þ��S�� 2k >/���º:?, ¦�§�p��m(3�±þ�) ål÷v

K8^�, �?Ò� 1, 2, . . . , 2k−1 Ò�Ø¬3�±þüüØ��.

þã·Ké k = 2 ¤á. eÙé k ¤á§=c 2k ÒØ¬� �Ñ®(½. �Ä¦�

ò�±©¤� 2k ãl. ·��ò1 2k + 1, 2k + 2, . . . , 2k+1 ÒØ¬��3ù
l�¥:.

y35y²�±·���¦��91 2k + 1, 2k + 2, . . . , 2k+1 ÒØ¬�ålþ÷vK8

^�.

·�ò1 2k + 1, 2k + 2 ÒØ¬��3�1 2k−1 ÒØ¬��� �(=�1 2k−1 ÒØ

¬�Ë��� 2π
2k+1 ål� �); ò1 2k + 3, 2k + 4 ÒØ¬��3�1 2k−1 − 1 ÒØ¬

��� �; · · · ò1 2k + 2a− 1, 2k + 2a ÒØ¬��3�1 2k−1 − a+ 1 ÒØ¬���

 �; · · · ò1 2k+1 − 1, 2k+1 ÒØ¬��3�1 1 ÒØ¬��� �.

duc 2k−1 ÒØ¬3�±þüüØ��, ù����´�1�. y3�Ä?¿ü¶

Ø¬�ål(�I�Ä��� Ø¬´“#”��/). Ï��±�©¤
 2k+1 ã, zãl

�� 2π
2k+1 · 14 = π

2k+2 , éuü ?Ò©O� m > 2k Ú n �Ø¬, e§��m��küã

l, K

dm,n ≥
π

2k+1
>
π

2
· 1

m+ n
· 2(m+ n)

2k+1
>

1

m+ n
;

e¦��m�ålT��ãl�§� n ∈ {2k +2a− 1, 2k +2a}, K m > 2k−1− a+1, Ï
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d

(m+n)dm,n ≥
π

2k+2
·(2k+2a−1+2k−1−a+1) =

π

2k+2
·(2·2k−1+a) ≥ 3π · 2k−1

2k+1
=

3π

8
> 1.

¤±§1 1, 2, . . . , 2k+1 ÒØ¬üü�m�ålþ÷vK8^�. dêÆ8B{�, �±

Sü?¿õ¶Ø¬.
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3,4. 2019c1�3CpnnêÆ¿m�`�ö�3ë\8ÔE��ÿ, 8Nx�Ì��

KI<�rÔ, ´��k 60 ����n�/¡�õ¡N"lã¥·��±w�, ù�õ

¡N�L¡´ 60 �����mo>/©�¤�"

���m n >/´�d��²¡ n >/÷eZ^é���·��ò(=3À½�é

��?/¤·���¡�) �����mã/"ü��mã/����´§��±Ï

L R3 ¥����åC���Ü"��õ¡N��´���mk.«�, Ù>.�±

dk�õ�²¡õ>/÷ú�>©�¤"

3 ���äääKKK(4©©©) ·��� 2021 = 43 × 47. @o´Ä�3��õ¡N, §�L¡�±

d 43 �����m 47 >/©�¤?

4 ¯̄̄���KKK(6©©©) �é\��ä�ÑÜ6�)º"
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R3 ���YYY. �±.

R4 ���YYY. ·��I�Þ��~f=�. �Ä��IO��¡ T, Ùþ�:�±dü�ë
ê5L«:

T = {θ, ϕ : 0 ≤ θ, ϕ < 2π}.

·��±@�ù��¡± z-¶�é¡¶: (θ, ϕ)éAu�m¥� ((R+ r cosϕ) cos θ, (R+

r cosϕ) sin θ, r sinϕ).

éu 1 ≤ k ≤ 43, ·��Ä�¡þ�«�

Dk = {θ, ϕ :
2(k − 1)

43
π + 3

ϕ

86
≤ θ ≤ 2k

43
π + 3

ϕ

86
}.

�*/`, r�¡©¤��� 43 °��, z�°÷ {ϕ = 0} �m, ò�m?��ý�±

ØÄ, ,�ýÛ=�½�Ý.

y3, r {ϕ = 0} ù��C/¤��� 43 >/, ��º:©OéAu θ = 2k
43
π. ù

� Dk ko^“>”(Ù¥ü^ u {ϕ = 0} þ), o�º:(ü� u� 43 >/�º:?,

ü� u>�¥:?, ·���IPÑùü�¥:�m�� 43 >/�º:). P�

Ck,0 = (
2(k − 1)

43
π, 0), Ck,1 = (

2k

43
π, 0);

Dk,0 = (
2k + 1

43
π, 2π), Dk,1 = (

2k + 3

43
π, 2π);

Ek = (
2k + 2

43
π, 2π).

3 ∂Dk �,�^>þ� 21 �:, ~X

Ak,i = (
2(k − 1)

43
π + 3

ϕ

86
π,

i

11
π), i = 1, . . . , 21.

,�7 z-¶^= 2
43
π ���, 21 �:, P� Bk,i, i = 1, . . . , 21.

ë(�ã Ck,0Ck,1, Ck,0Ak,1, Ck,1Bk,1, Ak,iAk,i+1, Bk,iBk,i+1, Ak,iBk,i, Ak,iBk,i+1 (i =

1, . . . , 21), ±9 Ak,21Dk,0, Bk,21Dk,1, Ak,21Ek, Bk,21Ek, Dk,0Ek Ú EkDk,1. ·�����

�m 47 >/. ù�·�Ò��
 43 ����(þã�E� k Ã') �m 47 >/, §�

U
©Ñ��õ¡N.

`̀̀²²²: ��;.��Ø´Ø@�ù
�mõ>/�º:(>) Ñ´õ¡N�º:(>), l

�â“z^>Ñ�üg”Ú“ 2021´Ûê”��“gñ”, dd@��K�)�´Ä½�.
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5. �c§Ü�FÏ�õ^�¡�ù§8c¦5�
����×/Ý�¡",U§^�

ó§��o�Ü�Féøó�"�oÌ�ïÄÚ�O�{^uN!�«�¬�ëê"

ù��ëê���±ÏL4�z Rn þ�,���¼ê f ¦�"3�o�C����

8¥§ù���¼ê´,	���K|Jø�¶ÑuS��ÄÚEâ�Ï§T�K|

J±��o�Ñd¼ê�SÜ[!§�UJø����^uO�?¿ x ∈ Rn ?�¼

ê� f(x)"¤±§�o7L=Äu¼ê�54�z f"�§zgO� f ��Ñ�Ñ

Ø��O�]"Ð3T¯K��Ý n Ø´ép (10 �m)",	§Jø¼ê�Ó¯�

w��oØ�kb� f ´1w�"

ù�¯K4Ü�F�å
gCÂõ����ÂÂÑÅ"�3ù�ÂÑÅþÂf�

�!8§\I��%/5£Ø��Nª^Ü§Ó�5¿ÂÑ�J§�����Z"3

ùL§¥§vk<(�/��^Ü��ÝÚÂÑ�J�m�½þ'X´�o"Ü�

FÚ�o¿£�§4�z f ØLÒ´N!��kõ�^Ü�Åì: �� x �z��

©þd��^Ü��§ f(x) L«ù�Åì�,«5U§��·�5£N�z�^

Ü§Ó�iÀ f ��§ATÒkF"é��Z� x"Édéu§ü<�åJÑ
4�

z f ���S��{§¿·¶�“gÄc�N��{” (Automated Forward/Backward

Tuning§AFBT§�{ 1)"31 k gS�¥§AFBT ÏLc�N� xk �ü�©þ�

� 2n �: {xk ± tkei : i = 1, . . . , n}, Ù¥ tk �Ú�¶,�§- yk �ù
:¥¼ê�

�����§¿u� yk ´Ä¦ f ¿©~�¶e´§� xk+1 = yk§¿òÚ�O�¶Ä

K§- xk+1 = xk ¿òÚ�~�"3�{ 1 ¥§ ei L« Rn ¥�1 i ��I�þ§§

�1 i �©þ� 1, Ù{�� 0¶1(·) ��«¼ê —– e f(xk) − f(yk) ��� tk �²

�§K 1[f(xk)− f(yk) ≥ t2k] ��� 1§ÄK� 0"

1 gÄc�N��{ (AFBT)

Ñ\ x0 ∈ Rn, t0 > 0"é k = 0, 1, 2, . . . , �1±eÌ�"

1: yk := argmin {f(y) : y = xk ± tkei, i = 1, . . . , n} # O���¼ê"

2: sk := 1[f(xk)− f(yk) ≥ t2k] # ´Ä¿©eü? ´: sk = 1¶Ä:sk = 0"

3: xk+1 := (1− sk)xk + skyk #�#S�:"

4: tk+1 := 22sk−1tk #�#Ú�" sk = 1: Ú�O�¶ sk = 0: Ú�~�"

y3§·�é��¼ê f : Rn → R �ÑXeb�"

bbb��� 1. f �à¼ê§=é?Û x,y ∈ Rn � α ∈ [0, 1] Ñk

f((1− α)x+ αy) ≤ (1− α)f(x) + αf(y).

bbb��� 2. f 3 Rn þ��� ∇f 3 Rn þ L-Lipschitz ëY"

bbb��� 3. f �Y²8k.§=é?¿ λ ∈ R§8Ü{x ∈ Rn : f(x) ≤ λ} �k."
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Äubbb��� 1 �bbb��� 2§�±y²

〈∇f(x), y − x〉 ≤ f(y)− f(x) ≤ 〈∇f(x), y − x〉+ L

2
‖x− y‖2

é?Û x,y ∈ Rn ¤á¶bbb��� 1 �bbb��� 3 K�yf 3 Rn þ��k����� f ∗"à

¼ê��õ5��ë�?Û��à©Û��Ö"

yyy²²²KKK(20©©©) 3bbb��� 1–3e§éu AFBT§y²

lim
k→∞

f(xk) = f ∗.
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R5 yyy²²². b� f(xk) 9 f ∗"Pgk = ∇f(xk), K lim inf ‖gk‖ > 0 (� x∗ ¦ f(x∗) =

f ∗, Kd f �à5� f(xk) − f ∗ ≤ 〈gk,xk − x∗〉"Ï {f(xk)} üN� f(xk) 9 f ∗§

� {〈gk,xk − x∗〉} k�e."Ï {f(xk)} ØO� f Y²8k.§� {xk} k.§l
 lim inf ‖gk‖ > 0)"�ó�§�3 ε > 0 ¦ ‖gk‖ ≥ ε é¤k k ≥ 0 ¤á"?� k ≥ 0,

�� ik ∈ {1, . . . , n} ÷v
|〈gk, eik〉| ≥ κ‖gk‖ ≥ κε, (1)

Ù¥ κ = 1/
√
n"�

f(yk) ≤ min{f(xk ± tkeik)} ≤ f(xk)− tk|〈gk, eik〉|+
Lt2k
2
≤ f(xk)− κεtk +

Lt2k
2
. (2)

¤±§��

tk ≤
2κε

L+ 2
, (3)

·�Òk f(yk) ≤ f(xk)− t2k, l sk = 1, ?k tk+1 = 2tk"dd§´�

tk ≥ t ≡ min

{
t0,

κε

L+ 2

}
> 0 (4)

é¤k k ≥ 0 ¤á"��3Ã¡� k ¦� sk = 1 (ÄK tk → 0); éz��ù�

� k, f(xk)−f(xk+1)≥ t2"ù� f e�k.�gñ"�¤Ø¤á"
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6. - n ���ê"é?���ê k, P 0k = diag{0, . . . , 0︸ ︷︷ ︸
k

} � k × k �"Ý
"-

Y =

(
0n A

At 0n+1

)

��� (2n+ 1)× (2n+ 1) Ý
, Ù¥ A = (xi,j)1≤i≤n,1≤j≤n+1 ´�� n× (n+ 1) ¢Ý


� At P A �=�Ý
§= (n+ 1)× n �Ý
§(j, i) ?��� xi,j.

(i) yyy²²²KKK(10©©©) ¡Eê λ � k × k Ý
 X ���A��, XJ�3�"��þ

v = (x1, . . . , xk)
t

¦� Xv = λv. y²: 0 ´ Y �A��� Y �Ù¦A��/X ±
√
λ, Ù¥�K

¢ê λ ´ AAt �A��"

(ii) yyy²²²KKK(15©©©) - n = 3 � a1, a2, a3, a4 ´ 4 �pØ����¢ê"P

a =

√∑
1≤i≤4

a2i

±9

xi,j = aiδi,j + ajδ4,j −
1

a2
(a2i + a24)aj

(1 ≤ i ≤ 3, 1 ≤ j ≤ 4), Ù¥ δi,j =

{
1 if i = j

0 if i 6= j
. y²: Y k 7 �pØ���A

��"
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R6 yyy²²²: (i) P In = diag{1, . . . , 1︸ ︷︷ ︸
n

} � n× n ðÓÝ
. �Ð�C��y

det(λI2n+1 − Y ) = λ det(λ2In − AAt).

¤±, 0 ´ Y �A��� Y �Ù¦A��/X ±
√
λ, Ù¥ λ ´ AAt ��K¢êA�

�.

(ii) P u = (a4, a4, a4), v = (
a21+a

2
4

a
,
a22+a

2
4

a
,
a23+a

2
4

a
). O��

AAt = diag{a21, . . . , a23}+ utu− vtv.

� f(s) = det(sIn − AAt) � AAt �A�õ�ª. O��

f(a2i ) =
a2i
a2

∏
1≤j≤4,j 6=i

(a2i − a2j)

(∀i ∈ {1, 2, 3, 4}). - a′1, a
′
2, a
′
3, a
′
4 � a1, a2, a3, a4 ²ü����4~S�. d f(x2i ) �

L�ª�: AAt kn�pØ���A�� b21, b
2
2, b

3
3, Ù¥ b1, b2, b3 ´÷v

a′1 > b1 > a′2 > b2 > a′3 > b3 > a′4

��¢ê. Ïd, d(i)� Y k 7 �pØ���A��.
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7. éu R þ�ëY�ýé�È�Eê�¼ê f(x), ½Â R þ�¼ê (Sf)(x):

(Sf)(x) =

∫ +∞

−∞
e2πiuxf(u)du.

(i) ¯̄̄���KKK(10©©©) ¦ S( 1
1+x2

) Ú S( 1
(1+x2)2

) �wªL�ª"

(ii) ¯̄̄���KKK(15©©©) é?¿�ê k, P fk(x) = (1 + x2)−1−k. b� k ≥ 1, é�~

ê c1, c2 ¦�¼ê y = (Sfk)(x) ÷v��~�©�§

xy′′ + c1y
′ + c2xy = 0.
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R7 ���YYY:

(i)

S(
1

1 + x2
) = πe−2π|x|

�

S(
1

(1 + x2)2
) =

π

2
(1 + 2π|x|)e−2π|x|.

(ii) c1 = −2k � c2 = −4π2.

)))��� P V � R þ�Eê�!ëY!ýé�È�¼ê|¤��5�m.

Lemma 0.1. (i) e f(x) ∈ V , f ′(x) ∈ V � limx→∞ f(x) = 0, K

(Sf ′)(x) = −2πix(Sf)(x). (5)

(ii) e f(x) ∈ V � xf(x) ∈ V , K

(Sf)′ = 2πiS(xf(x)). (6)

Ún0.1�y². (i)

(Sf ′)(x)

=

∫ +∞

−∞
e2πiuxf ′(u)du

= e2πiuxf(u)|+∞−∞ −
∫ +∞

−∞
(e2πiux)′f(u)du

= −2πix
∫ +∞

−∞
e2πiuxf(u)du

= −2πix(Sf)(x)

(ii) é?¿� a, b ∈ R (a < b),∫ b

a

2πiS(xf(x))dx

=

∫ b

a

2πi(

∫ +∞

−∞
e2πiuxuf(u)du)dx

=

∫ +∞

−∞
(

∫ b

a

2πiue2πiuxf(u)dx)du

=

∫ +∞

−∞
e2πibuf(u)du−

∫ +∞

−∞
e2πiauf(u)du

12



= (Sf)(b)− (Sf)(a).

ù�, (Sf)′ = 2πiS(xf(x)).

Ún0.1kXeíØ.

Corollary 0.2. (i) b� f, f ′, Sf, x(Sf)(x) ∈ V �

lim
x→∞

f(x) = 0.

e (S(Sf))(x) = f(−x), K (S(Sf ′))(x) = f ′(−x).

(ii) b� f(x), xf(x), Sf, (Sf)′ ∈ V �

lim
x→∞

(Sf)(x) = 0.

e (S(Sf))(x) = f(−x), K S(S(xf(x))) = −xf(−x).

Lemma 0.3. (i) S((1 + x2)−1) = πe−2π|x|.

(ii) S(πe−2π|x|) = (1 + x2)−1.

Proof. (i)P f(x) = (1 + x2)−1. éu x ≥ 0, ·�k

(Sf)(x) = lim
A→+∞

∫ A

−A

e2πiux

1 + u2
du.

P

CA := {z = u+ iv : −A ≤ u ≤ A, v = 0}
⋃
{z = Aeiθ : 0 ≤ θ ≤ π}.

5¿�� A > 1 �, i ´ 1
1+z2

3 CA .½�k.«�S���4:. d£´È©��{

¿- A → ∞, ·��� (Sf)(x) = πe−2πx. du f(x) ´ó¼ê, ¤± (Sf)(x) �´ó

¼ê. ù�, (Sf)(x) = πe−2π|x|.

(ii)P g(x) = πe−2π|x|. ��O��

(Sg)(x)

=

∫ ∞
−∞

e2πixuπe−2π|u|du

= π

∫ ∞
0

(e2πixu + e−2πixu)e−2πudu

= −1

2
(
e−2π(1+ix)u

1 + ix
+
e−2π(1−ix)u

1− ix
)|∞0

=
1

1 + x2
.

13



Lemma 0.4. (i) éu?¿� k ≥ 0, Sfk /X (Sfk)x = e−2π|x|gk(|x|), Ù¥ gk ´

� k gõ�ª.

(ii) éu?¿� k ≥ 0, S(S(fk)) = fk � S(S(xfk+1(x))) = −xfk+1(x).

Proof. (i)·�k48úª

fk+1 = fk +
1

2(k + 1)
xf ′k(x).

dÚn0.1, �48úª:

Sfk+1 = Sfk −
1

2(k + 1)
(x(Sfk)(x))

′.

dd, d8B{·��Ñ(Ø.

(ii)5¿� f ′k(x) = −2(k+1)xfk+1(x)� (xfk(x))
′ = −(1+2k)fk(x)+2(k+1)fk+1(x).

d(i)Ü©�(Ø(ÜÚn0.1, ·���íØ0.2¥�b�é¼ê fk(x) Ú xfk+1(x)(k ≥
0) ¤á. ù�, d8B{�y S(S(fk)) = fk(x) � S(S(xfk+1(x))) = −xfk+1(x)(k ≥
0).

£�K8��. (i)3Ún0.3¥®²y² S((1 + x2)−1) = πe−2π|x|. d(5)�

S(−2x(1 + x2)−2) = −2π2ixe−2π|x|.

2d(6)�

S(−2x2(1 + x2)−2) = −π(1− 2π|x|)e−2π|x|.

ù�,

S((1 + x2)−2) =
π

2
(1 + 2π|x|)e−2π|x|.

(ii)Äk, � k ≥ 1 �, xjfk(x) (0 ≤ j ≤ 2k) Ñ´ýé�È�. ù�, d(6),

y = (Sfk)(x) ´ 2k gëY��¼ê. dÚn0.1ÚÚn0.4�: xy′′ + c1y
′ + c2xy = 0 �

du

(x2f ′k + 2xfk)− c1xfk −
c2
4π2

f ′k = 0.

Ñ\ fk(x) = (1 + x2)−1−k, ·��� c1 = −2k � c2 = −4π2.
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8. �,úiíÑ��#���^��§úi�½|Ü�Ø
¬'%T^��¹��

r�o<ê��m�Cz§�¬é�r+N��
A��äN�NïÚ©Û"·�

^ n(t, x) L«�r�êþ�Ý£±e{¡�Ý¤§ùp t L«�m§ x L«�ré

T��^��¦^��§@o3 t ��§éu 0 < x1 < x2§¦^��0u x1 Ú x2 �

m��rêþ�
∫ x2
x1
n(t, x)dx"·�b�§�Ý n(t, x) �X�müzÉ±eA�Ï�

�K�µ

bbb��� 1. ��r±Y¦^T��^��§¦�¦^����m�5O�"

bbb��� 2. �r3¦^L§¥§�U¬Ê�¦^§·�b�Ê��Ç d(x) > 0 ��¦^

�� x k'"

bbb��� 3. #�r�5kü�"

1© úi�\Dµü �mSÏdO\�<ê´�m�¼ê§^ c(t) L«"

2© P�r�\DµP�r¬ÌÄ�gC�Ó¯!*l�í�¦^T��^�§
í�¤õ��Ç��r�¦^�� x k'§P� b(x)"

b�XJ3,���, P� t = 0 �§�Ý¼ê´®��§n(0, x) = n0(x)"�±í

�Ñ§n(t, x) ��müz÷vXe��§{
∂
∂t
n(t, x) + ∂

∂x
n(t, x) + d(x)n(t, x) = 0, t ≥ 0, x ≥ 0,

N(t) := n(t, x = 0) = c(t) +
∫∞
0
b(y)n(t, y)dy.

(7)

ùp N(t) �)Ö�#�r�O\�Ç"·�b� b, d ∈ L∞+ (0,∞)§= b(x) Ú d(x) �

�(��)k."±e§·�k���{zb�µ c(t) ≡ 0§=#�r�O\��P�r

�\Dk'"

(i) ¯̄̄���KKK(10©©©) �âbbb��� 1Úbbb��� 2§/ª/í�Ñ(7) ¥ n(t, x) ¤÷v� �©

�§§I�3í�L§¥�Ñ�.b�ÚêÆL�ª�m�éA'X"2�âbbb

��� 3§)º(7) ¥ N(t) �½Â�¹Â"

(ii) ¯̄̄���KKK(10©©©) ·���ïÄ#�r�O\�Ç N(t) Úí�¤õ�Ç b(x) �m

�'X"�d§�í�Ñ�� N(t) ¤÷v��§§��§¥��¹ N(t), n0(x),

b(x), d(x)§Ø�¹ n(t, x)"¿y²§ N(t) ÷vXe�O

|N(t)| ≤ ‖b‖∞e‖b‖∞t

∫ ∞
0

|n0(x)| dx, (8)

ùp ‖ · ‖∞ L« L∞ �ê"
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(iii) yyy²²²KKK(10©©©) ��§·���ïÄ§3¿©���m��§êþ�Ý¼ê n(t, x)

k�oìC�ª³"du�ro<ê�U��3O\§¤±·�Ø�B��ïÄ

êþ�Ý¼ê n(t, x)§�AT�w���z���Ý¼ê"

�d§·�Äkb�Xe�A��¯Kk��) (λ0, ϕ(x))µ{
ϕ′(x) + (λ0 + d(x))ϕ(x) = 0, x ≥ 0,

ϕ(x) > 0, ϕ(0) =
∫∞
0
b(x)ϕ(x)dx = 1,

¿�§�éó¯K�k���) ψ(x):{
−ψ′(x) + (λ0 + d(x))ψ(x) = ψ(0)b(x), x ≥ 0,

ψ(x) ≥ 0,
∫∞
0
ψ(x)ϕ(x)dx = 1.

,�§·�½Â�z�Ý ñ(t, x) := n(t, x)e−λ0t"y²§éu?¿à¼ê H :

R+ → R+ ÷v H(0) = 0, ·�k

d

dt

∫ ∞
0

ψ(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)
dx ≤ 0, ∀t ≥ 0,

¿y² ∫ ∞
0

ψ(x)n(t, x)dx = eλ0t
∫ ∞
0

ψ(x)n0(x)dx.

�
{zy²§·�3ü�¥b½3 ∞ ?�>.���zÑ´�±�Ñ�"
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R8 ���YYY: (i) ù��§í��ªkéõ"Þü�~f"

1§A��{"du¦^����m�5O�§·�½ÂA�� x(t)§§÷v

dx(t)

dt
= 1.

^XA��§�âÊ��Ç�¹Â§·�k

d

dt
n(t, x(t)) = −d(x(t))n(t, x(t)).

�n=�(7)ª�§"

2, ��{"�Ä���m�� δt� 1§�âb��Úb��§·�k

n(t+ δt, x+ δt) = n(t, x)− δtd(x)n(x, t) + o(δt).

Ù¥mà1��L«�m²£��z§1��L«Ê���rêþ"ü>Ø± δt§2

- δt→ 0§=�d�§"

'u N(t) �½Â§�I�`²P�rí���z"éu�½,�¦^�� x �

P�r§¦�ü �mS0��#�r�êþ� b(x)n(t, x)"�
¦ü �mS¤k

P�r0��#�rêþ§I�r¤k¦^���P�r��z\3�å§�L�

�
∫∞
0
b(y)n(t, y)dy"

(ii) �âK¿Ú N(t) �½Â§·�I�kr�Ý¼ê n(t, x) �¤ N(t) ÚÙ¦ëê�

L�ª§ùI�¦)d�§"

5¿�ù´����V�§§�±^A��{¦)"ò�§U��

d

ds
n(t+ s, x+ s) + d(x+ s)n(t+ s, x+ s) = 0,

KXJ½Â D(x) =
∫ x
0
d(y)dy§@o

d

ds

[
eD(x+s)n(t+ s, x+ s)

]
= 0. (9)

@o§� s ≥ max(−t,−x) �§·�k

eD(x+s)n(t+ s, x+ s) = eD(x)n(t, x), ∀x ≥ 0, t ≥ 0. (10)

AO�§·��±- x = y§s = −y ��§� t ≥ y �

n(t, y) = N(t− y)e−D(y).
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2- x = y§s = −t ��§� t ≤ y �

n(t, y) = n0(y − t)eD(y−t)−D(y).

�
�Ñ N(t) ÷v��§§·�ò§�L�ª©¤üÜ©

N(t) =

∫ ∞
0

b(y)n(t, y)dy =

∫ t

0

b(y)n(t, y)dy +

∫ ∞
t

b(y)n(t, y)dy.

�âA����§mà1���A��åu x = 0, t ≥ 0§1���A��å

u x ≥ 0, t = 0"ò n(t, y) �L�ª©O�\§·���

N(t) =

∫ t

0

b(y)e−D(y)N(t− y)dy +
∫ ∞
t

b(y)eD(y−t)−D(y)n0(y − t)dy. (11)

�n§=�� N(t) ÷v��§

N(t) =

∫ t

0

b(t− x)e−D(t−x)N(x)dx+

∫ ∞
0

b(x+ t)eD(x)−D(x+t)n0(x)dx. (12)

�Ä� d(x) > 0 ¤± D ´4O¼ê§þª¥� e−D(t−x), eD(x)−D(x+t) þØ�u 1"

u´,2|^ b(x) �k.5§·��±é N(t) �Xe�O

|N(t)| ≤ ‖b‖∞
∫ t

0

|N(x)|dx+ ‖b‖∞
∫ ∞
0

|n0(x)| dx.

��§|^Gronwall Ún§·�Ò�±���y�Ø�ª"

(iii) ù´��2Â��é��O�¯K"

Äk·�ò�§(7)U�¤�z�Ý¼ê÷v��§

∂

∂t
ñ(t, x) +

∂

∂x
ñ(t, x) + (λ0 + d(x)) ñ(t, x) = 0.

,�§·�?�Ú/U�§�n��

∂

∂t

ñ(t, x)

ϕ(x)
+

∂

∂x

ñ(t, x)

ϕ(x)
= 0,

?k
∂

∂t
H

(
ñ(t, x)

ϕ(x)

)
+

∂

∂x
H

(
ñ(t, x)

ϕ(x)

)
= 0.
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òA��¯KÚÙéó¯K�Ü3�å§·�k{
∂
∂x
[ϕ(x)ψ(x)] = −ψ(0)b(x)ϕ(x), x ≥ 0,

ψ(x) ≥ 0,
∫∞
0
ψ(x)ϕ(x)dx = 1.

ÏL��O�§·���

∂

∂t

[
ψ(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)]
+
∂

∂x

[
ψ(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)]
= −ψ(0)b(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)
.

P dµ(x) = b(x)ϕ(x)dx§òþªé x 3 R+ þÈ©§��,

d

dt

∫ ∞
0

ψ(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)
dx = −ψ(0)

∫ ∞
0

H

(
ñ(t, x)

ϕ(x)

)
dµ(x) + ψ(0)H

(
ñ(t, 0)

ϕ(0)

)
.

·�5¿�§d½Â� ϕ(0) = 1§� n(t, 0) =
∫∞
0
b(x)n(t, x)dx§@o

ñ(t, 0)

ϕ(0)
= ñ(t, 0) =

∫ ∞
0

b(x)ñ(t, x)dx =

∫ ∞
0

ñ(t, x)

ϕ(x)
dµ(x),

u´��

d

dt

∫ ∞
0

ψ(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)
dx = ψ(0)

[
−
∫ ∞
0

H

(
ñ(t, x)

ϕ(x)

)
dµ(x) +H

(∫ ∞
0

ñ(t, x)

ϕ(x)
dµ(x)

)]
.

2dJensenØ�ª§·���

d

dt

∫ ∞
0

ψ(x)ϕ(x)H

(
ñ(t, x)

ϕ(x)

)
dx ≤ 0.

��§- H(u) = u§=��y�ª"
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